Abstract. We prove that for any p > 1, any compact manifold of three or more dimensions carries Riemannian metrics of volume one with the first eigenvalue of the p-Laplacian arbitrarily large.
Introduction
The p-Laplace operator has been extensively studied in recent years, especially in the context of a bounded domain in R n . Recently, there has been an increasing interest in the study of this operator -and in particular of its first eigenvalue -in the more general setting of Riemannian manifolds.
Let M be a compact connected manifold. The p-Laplace operator (p > 1) associated to a Riemannian metric g on M is given by The real numbers λ for which this equation has nontrivial solutions are called eigenvalues of ∆ p . They represent the critical energy levels. The associated solutions, i.e. the critical functions, are called eigenfunctions.
Obviously, zero is an eigenvalue of ∆ p , the associated eigenfunctions being the constant functions. The set σ p (M, g) of the nonzero eigenvalues is a nonempty, unbounded subset of (0, ∞) [6] . Its infimum λ 1,p (M, g) = inf σ p (M, g) is itself a positive eigenvalue called the first eigenvalue of ∆ p and has the following variational characterization [14] :
In the present work we consider λ 1,p as a functional on the space of Riemannian metrics on M . Since λ 1,p is noninvariant under dilatations, we will study the restriction of λ 1,p to M(M ), the space of Riemannian metrics of volume one on M . The question we ask is whether λ 1,p is bounded on M(M )? A classical elementary argument [3] shows that the infimum of λ 1,2 on this space is zero. The same argument shows that in fact for any p > 1 the infimum of λ 1,p on M(M ) is equally zero.
A series of authors (Bérard Bergery and Bourguignon [2] , Muto [10] , Tanno [11] , Urakawa [13] ) have showed in various degrees of generality that if M is a sphere of dimension m ≥ 3, then there is no upper bound for λ 1,2 on M(S m ). Colbois and Dodziuk [4] (and independently Xu [15] ) have extended this result to any compact manifold of dimension m ≥ 3.
In this paper we prove that this phenomenon is still true for the functional λ 1,p , for any p > 1.
Preliminaries
We review here some basic properties of the first eigenvalue for the Dirichlet and the Neumann problems for ∆ p .
Let Ω be a domain in M and consider the Dirichlet problem:
Denote by µ 1,p (Ω, g) the infimum of the set of eigenvalues for this problem. Here too, µ 1,p (Ω, g) is a positive eigenvalue with the variational characterization
The eigenfunctions associated to µ 1,p (Ω, g) are essentially unique; they form a onedimensional space. Moreover, they have no zeros in Ω (see for instance [7] ). In [14] , Veron proved the following result:
where (ω 1 , ω 2 ) runs over the set of couples of nonempty disjoint open subsets of M . Consider now the Neumann problem for ∆ p on Ω:
where η denotes the exterior normal unit vector field to ∂Ω.
) the infimum of the set of nonzero eigenvalues for this problem. By mimicking the proof of the closed case [14] we obtain that λ 
A more general regularity result [12] says that the eigenfunctions for these problems are C 1 , with gradient locally Hölder continuous.
Riemannian metrics with arbitrarily large λ 1,p
Let M be a compact connected manifold and denote by M(M ) the space of Riemannian metrics of volume one on M .
It is known that we may diffeomorphically transform a local disc of M into a "mushroom" attached to M by a cylinder C. We can choose a Riemannian metric 
Let us consider a C ∞ function f equal to 1 on M 1 , to −1 on M 2 and linear along C 0 (constant on the cross sections of C 0 ). Then f satisfies the orthogonality condition M |f | p−2 f ν gs = 0 and
The variational characterization for
Proposition 2.1.
Our main result is addressing the nonexistence of universal upper bounds for In the case p = 2 this Theorem is due to Colbois and Dodziuk [4] . The proof of Theorem 2.2 is divided into two parts: for 1 < p < 2 the path we follow is reminiscent of the case p = 2; however, new ideas are required since the arguments from the linear case do not apply when p = 2. In the case p > 2, the proof follows directly from a monotonicity result.
Proof. I. The case
The main part of the proof consists in constructing a domain D ⊂ S m (S m denotes the m-dimensional unit Euclidean sphere) and a family of Riemannian
We do this first on S 3 and then by following a path similar to [5] we show how to construct such domains and Riemannian metrics inductively on S m , m > 3 (can and can denote the canonical metrics on S 3 , respectively CP 1 ). For any x ∈ S 3 , denote by V x = Ker(dπ x ) and by H x the space orthogonal to V x in T x S 3 w.r.t. can x . Let {g t } t>0 be the Berger metrics defined by
The map π is a Riemannian submersion from (S 3 , g t ) to (CP 1 , can) with totally geodesic fibers
Proof of Lemma 2.3. Fix t and let a = {x ∈ S
where | · | gt denotes the Hilbert-Schmidt norm w.r.t. g t . To evaluate the right side of inequality (2.4) note that for any x ∈ S, x = Φ(r, θ 1 , θ 2 ), the vectors
form an orthonormal basis of
We have
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Integrating over A \ a we obtain (2.6)
where in the first equality we have used ν τ * gt = 2ν gt , which follows immediately from (2.5)). Similarly
Equations (2.4), (2.6) and (2.7) imply that
Taking now the infimum over all
To prove the left inequality in Lemma 2.3 note that since C ∞ (A) is dense in W 1,p (A), by the same argument as above we obtain that Extend f into a function F ∈ W 1,p 0 (S) defined by
Hence, Ψ is an isometry of (S, can); in fact, since v is invariant by dΨ, Ψ is an isometry of (S, g t ), for any t > 0. In particular, given that Ψ(A \ a) = B \ b, we have
The variational characterization for λ 1,p (S 3 , g t ) yields
Taking now the infimum over all f ∈ C
This ends the proof of Lemma 2.3. 
The Hölder inequality yields
In the same way we obtain
(where we have used the inequality:
for any a, b > 0 and 1 < p ≤ 2). Integrating (2.9) and (2.10) over π(A) we obtain (2.11)
In particular, (2.11) implies thatf ∈ W 1,p (π(A)). In fact, since f ∈ W 1,p 0 (A) and F x ⊂ ∂A for any x ∈ ∂A, it is immediate from (2.9) thatf ∈ W 1,p 0 (π(A)). The variational characterization for µ 1,p (π(A), can) and (2.11) imply then
In the same way we can prove that
where B is as in Lemma 2.3. The map Ψ is an isometry between A \ a and B \ b and therefore it is straightforward that µ 1,p (A, g t ) = µ 1,p (B, g t ) . Since the open sets π(A) and π(B) are disjoint, (1.1) and (2.12) imply
Combining Lemma 2.3 and Lemma 2.4 we obtain
Finally, since ν gt = tν g we have Vol(A, g t ) → ∞ as t → ∞. In particular, we can find a sequence t n → ∞ such that the metrics g n := g tn and the domain A satisfy (2.1) on S 3 . We will now construct a domain D ⊂ S m+1 and a family of metrics on S m+1 with the property (2.1), given such domain and metrics on S m . To do this we follow the general idea from [5] .
Let D ⊂ S m and (g n ) n∈N with property (2.1). (In fact we need only the last two assumptions in (2.1) for the construction on S m+1 .) Let C = S m × (0, 1) endowed with the metric h n = g n × dr 2 where dr 2 denotes the Euclidean metric on (0, 1).
Let f n be an eigenfunction for λ N 1,p (C, h n ) and denote by f + n , f − n its positive, respectively, its negative part. In the same way as in [8, Lemma 3] , it is straightforward that
After multiplying f + n and f − n by constants we may assume that C |f
Consider the positive functionsf
As in the proof of Lemma 2.4, we can apply Lemma 3.14 of [2] to the function (f 
Integrating (2.14) and (2.15) we get 
The strong convergence implies that 1) . Similarly, after extracting a subsequence again, we obtainf
On the other hand, (2.13) implies
and a similar inequality for f We can now glue two caps to C to obtain a manifold diffeomorphic to S m+1 . Let 2δ = lim n→∞ λ N 1,p (C, h n ) > 0. Lemma 2.5 implies that we can extend h n into a metrich n on the whole of S m+1 such that λ 1,p (S m+1 ,h n ) > λ N 1,p (C, h n ) − δ. Then
